In this paper, we establish explicit formulas and recurrence relations for the Jacobi-Dunkl polynomials. Bounds and asymptotic behavior of these polynomials are also given.
Introduction
Jacobi polynomials are a class of classical orthogonal polynomials which have many important applications in such areas as mathematical physics, approximation theory, numerical analysis, combinatorics, and others, see [12, 8, 11, 2, 4, 1, 10] . S. Bochner characterized classical orthogonal polynomials in terms of their recurrence relations. These relations occur in a variety of mathematical contexts. They can be used to define the sequence of polynomials. They also lead to concise algorithms which are useful for either manual or automatic calculations. In general, recurrences with more than three terms are harder to treat, see [13, 14, 3] .
In the present paper our aim is to establish explicit formulas and recurrence relations, with more than three terms (six terms), for the Jacobi-Dunkl polynomials ψ 
where R (α,β) n , n ∈ N, is the normalized Jacobi polynomial of degree n such that R 
with ρ := α + β + 1.
Then, we study the asymptotic behavior of these polynomials and we give the upper and lower bounds of the module of each Jacobi-Dunkl polynomial ψ (α,β) m , m ∈ Z.
In the sequel, we take α > −1, β > −1. We drop the exponents (α, β) when there is no confusion. We consider the Jacobi polynomial ϕ n (θ) = ϕ (α,β) n (θ) := R (α,β) n (cos(2θ)), n ∈ N, θ ∈ − π 2 , π 2 .
Note that ∀n ∈ N, ϕ n (0) = 1,
and ∀n ∈ N, ∀θ ∈ − π 2 , π 2 , ϕ n (−θ) = ϕ n (θ).
For all n ∈ N, the equation with γ n is given by γ n = γ (α,β) n := n(n + ρ),
and ρ is given by (3) . We remark that
where A is the function given by
Note that
In the following, we recall some basic properties of the Jacobi polynomials, see [12] .
In hypergeometric form, we have
where 2 F 1 is the Gaussian hypergeometric function defined by
We also have
where γ n is given by (5).
In particular, ∀n ∈ N, d dθ ϕ n (0) = 0, and the Gegenbauer (ultraspherical) polynomials satisfy the following relations : ∀n ∈ N, ∀θ ∈ 0, π 2 ,
and ϕ (α,α) 2n+1
The orthogonality property is given by ∀m ∈ N, ∀n ∈ N,
where
A generating function
The operator Λ α,β defined on
It is the analogues on − π 2 , π 2 of the Jacobi-Dunkl operator on R. It corresponds to the function A given by (6) , see [5, 6] .
is the Opdam operator related to the roots system A 1 , see [9] . From [5] , for all m ∈ Z, the equation
admits a unique solution sur − π 2 , π 2 which is the Jacobi-Dunkl polynomial
given by (1) . It is related to the Jacobi polynomial ϕ |m| and to its derivative by
where Λ α,β and λ m are respectively given by (12) and (2) . The orthogonality property is given by
with k n , n ∈ N, is given by (11) . In [5] , the author has studied the harmonic analysis associated with the Jacobi-Dunkl operator.
In [7] , C.F. Dunkl has defined similar functions to the Jacobi-Dunkl polynomials.
Explicit representations
Notations : We denote by
We can write
a(k, n, α, β)
Explicit formulas of ϕ n
From [12, 8, 11] , for all n ∈ N and θ ∈ 0, π 2 , we have
where a(k, n, α, β) and b(k, n, α, β) are respectively given by (15) and (16).
In the following proposition, we give a new explicit forms of ϕ n , n ∈ N.
Proposition 2.1. ∀n ∈ N, ∀θ ∈ 0, π 2 , on a :
where a(k, n, α, β), b(k, n, α, β) and c(k, n, α, β) are respectively given by (15), (16) and (17).
Proof. We replace in (20), θ by π 2 − θ. Then we use (8), (7) and (15). Finally by interchanging α and β we obtain the first expression. For the others, it suffices to use cos θ = e iθ + e −iθ 2 and sin θ = e iθ − e −iθ 2i .
ϕ 0 (θ) = 1.
Remarks 2.3.
Frej CHOUCHENE
The relationships between the coefficients a(k, n, α, β), b(k, n, α, β) and c(k, n, α, β), n, k ∈ N; 0 ≤ k ≤ n, are given in the following propositions :
Proof.
Using (15), (7), (16), (17), (20), (21) and (22), we get the above formulas.
Proof. For all n, p ∈ N; p ≤ n and x ∈ R, we have
We complete the proof by using (18), (19), (20), (21), (22) and (7).
Using (17), (7), (15), (16), (20), (21) and (22), we get the cited formulas.
Explicit formulas of ψ m
Proposition 2.7. For all m ∈ Z and θ ∈ − π 2 , π 2 , we have
8. ψ
Proof. We use (4), (1), (9), (7) and (8), to get the above formulas.
Remarks 2.8.
Explicit forms of ψ m , m ∈ Z {0}, are given in the following theorem :
Theorem 2.9. For all m ∈ Z {0} and θ ∈ − π 2 , π 2 , we have 1.
3.
6.
where a(k, n, α, β), b(k, n, α, β) and c(k, n, α, β), n ∈ N, 0 ≤ k ≤ n, are respectively given by (15), (16) and (17).
Proof. We obtain the above results from (1), (18), (19), (20), (21) and (22).
Remark 2.10. The function ψ m , m ∈ Z, is a trigonometric polynomial in θ of degree 2|m|, and of degree |m| as a polynomial in 2θ.
Proposition 2.11. For all m ∈ Z {0} and n ∈ N, we have
Proof. Let m ∈ Z {0}, θ ∈ 0, π 2 and n ∈ N. The equalities
and sin (n − k)
] , give the above formulas.
Examples 2.12. Let m ∈ Z and θ ∈ − π 2 , π 2 .
1.
ψ 0 (θ) = 1.
sin(2θ).
3. If m = 0 and θ = 0, then we have ψ ( 
5.
If m = 0 and θ = 0, ± π 2 , then we have
3 Recurrence relations
Recurrence relations of ϕ n
From [12] , the following formulas are given
For all n ∈ N {0} and θ ∈ 0, π 2 , we have
(sin(2θ))
.
Remarks 3.1.
2. ∀n ∈ N {0}, ∀θ ∈ 0, π 2 ,
5. a 0 + b 0 = 1.
6. ∀n ∈ N {0}, a n + b n + c n = 1.
c n = 1.
9. ∀n ∈ N {0}, a n + b n + c n = 0, 10. ∀n ∈ N {0}, a n = −2(n + ρ)a n .
where a 0 , b 0 , a n , b n , c n , a n , b n and c n are respectively given by (24), (26) and (28).
Recurrence relations of
where r 0 = w 0 := α + 1 ρ + 1 and
where r 0 = −w 0 := −i (α + 1) √ ρ + 1 ρ + 1 and s 0 := 0.
4.
,
2(ρ + 2)(ρ + 3) .
5
2 + 2(ρ + 1)(ρ + 2) ,
where r n = t −n := (n + α + 1)[4(n + 1)(n + ρ) + λ n λ n+1 ] 4(n + 1)(2n + ρ)(2n + ρ + 1) ,
where r n = −t −n := −iλ n (n + α + 1)[4n(n + 1) + λ n λ n+1 ] 8n(n + 1)(2n + ρ)(2n + ρ + 1) , s n = −s −n := 0,
Proof. Let n ∈ N {0, 1} and k ∈ Z {0}.
Since cos(2θ)ψ n (θ) is a trigonometric polynomial and by (25), (26), (10) and (13), we obtain
We use (14) , (26) and (11) to get the expressions of r n , s n , t n , u n , v n and w n .
Since sin(2θ)ψ n (θ) is a trigonometric polynomial and by (27), (28), (10) and (13), we obtain
with 2iλ n a n k
We use (14) , (28) and (11) to get the expressions of r n , s n , t n , u n , v n and w n . By the same way we get the other formulas. Proof. We obtain the above formulas by using (1), (27), (29), (25), (26) and (28).
Bounds and asymptotic behavior
First we study the sign of A A , where A is given by (6).
Lemma 4.1. 
